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$x,$ $y$ , xl, x2, . . . $U$ $\mathbb{C}$
$U[[x, x^{-1}]]= \{\sum_{n\in \mathbb{Z}}a_{(n)}x^{n}|a_{(n)}\in U\},$
$U((x))= \{\sum_{n\in \mathbb{Z}}a_{(n)^{X^{n}}}\in U[[x, x^{-1}]]|a_{(n)}=0, n\ll 0\},$
$U[[x]]= \{\sum_{n=0}^{\infty}a_{(n)^{X^{n}}}|a_{(n)}\in U\},$
$U[[x, y]]= \{\sum_{n,m\in \mathbb{Z}}a_{(n,m)}x^{n}y^{m}|a_{(n,m)}\in U\}$
$T$ $U[[x^{1/T}, x^{-1/T}]],$ $U((x))((y))$ $(=(U((x)))((y)))$
$U((x))((y))\neq U((y))((x))$
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$\sum_{i=0}^{\infty}x^{-1-i}y^{i}\in \mathbb{C}((x))((y))$ $\sum_{i=0}^{\infty}x^{-1-i}y^{i}\not\in \mathbb{C}((y))((x))$
$U[[x, y]][x^{-1}, y^{-1}, (x-y)^{-1}]$
$=$ $( \{x^{i},\dot{\oint}, (x-y)^{k}|i,j, k\in \mathbb{Z}_{\geq 0}\}$ $U[[x, y]]$ ( $\mathfrak{y}$
$=(x^{-1}, y^{-1}, (x-y)^{-1}$ $U[[x,$ $y]]$ )
$\iota_{x,y}$ : $U[[x, y]][x^{-1}, y^{-1}, (x-y)^{-1}]arrow U((x))((y))$
$x^{i}y^{j}(x-y)^{k} \mapsto^{y}\iota_{x},\sum_{m=0}^{\infty}(\begin{array}{l}km\end{array})(-1)^{m}x^{i+k-m}y^{j+m}$ $(|x|>|y|$ $)$












1.1. $(V, Y, 1)$
(1) $V$ $\mathbb{C}$
2
(2) $Y(-, x)$ : $Varrow(End_{\mathbb{C}}V)[[x, x^{-1}]]$ l $\mathbb{C}$ $a\in V$ $Y(a, x)=$
$\sum_{n\in \mathbb{Z}}a_{n}x^{-n-1},$
$a_{n}\in End_{\mathbb{C}}V$
(3) $a,$ $b\in V$ $Y(a, x)b\in V((x))$ .
(4) $1\in V$ $Y(1, x)=id_{V}.$
(5) $a\in V$ $Y(a, x)1\in V[[x]]$ $a_{-1}1=a.$
(6) $a,$ $b,$ $c\in V$ $F(a, b, c|x, y)\in V[[x, y]][x^{-1}, y^{-1}, (x-y)^{-1}]$
$\iota_{x,y}F(a, b, c|x, y)=Y(a, x)Y(b, y)c\in V((x))((y))$ ,
$\iota_{y},{}_{x}F(a, b, c|x, y)=Y(b, y)Y(a, x)c\in V((y))((x))$ ,
$\iota_{y,x-y}F(a, b, c|x, y)=Y(Y(a, x-y)b, y)c\in V((y))((x-y))$ . (1.2)
$Y(a, x)b$ 1 (1.2)
$Y(a, x)Y(b, y)c$ $Y(b, y)c\in V((y))$
$Y(a, x)$ $Y(a, x)Y(b, y)c\in V((x))((y))$
$Y(b, y)Y(a, x)c,$ $Y(Y(a, x-y)b, y)c$ $\iota_{x,y}$
$F$ $a,$ $b,$ $c$
(1.2) $Y(a, x)Y(b, y)c,$ $Y(b, y)Y(a, x)c$ $Y(Y(a, x-y)b, y)c$





(1.2) $x,$ $y,$ $x-y$ $x=x_{1}-x_{3},$ $y=$
$x_{2}-x_{3}$ $x-y=x_{1}-x_{2}$
$F(a, b, c|x_{1}-x_{3}, x_{2}-x_{3})$






(cf. [8, Sections 3.2-3.4] [10, Lemma 2.4]). Borcherds
Jacobi :
(Borcherds ) $a,$ $b,$ $c\in V$ $l,$ $m,$ $n\in \mathbb{Z}$
$\sum_{i=0}^{\infty}(\begin{array}{l}mi\end{array})(a_{l+i}b)_{m+n-i}c=\sum_{i=0}^{\infty}(\begin{array}{l}li\end{array})(-1)^{\dot{\iota}}(a_{l+m-i}b_{n+i}+(-1)^{l+1}b_{l+n-i}a_{m+i})c$ . (1.5)
Borcherds $\searrow$







1.2. $n$ $a^{1},$ $a^{2},$ $\ldots,$ $a^{n}\in V$
(1) $V[[x_{1}-x_{n}, \ldots, x_{n-1}-x_{n}]][(x_{i}-x_{j})^{-1}|1\leq i<j\leq n]$ ((1.4)
$)$ $F$ $a^{1}a^{2}\cdots a^{n}$ “ ”
$F$
(2) $\sigma\in S_{n}$ ( $n$ ) “ “ $a^{\sigma(1)}a^{\sigma(2)}\cdots a^{\sigma(n)}$ (1) $F$
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(3) $1\leq i<j\leq n$ $i,j$
$(x-y)^{m_{l}}JY(a_{i}, x)Y(aj, y)=(x-y)^{m}tJY(aj, y)Y(a_{i}, x)$ (1.6)
$m_{ij}\in \mathbb{Z}_{\geq 0}$ ( $m_{ij}$
) (1) $F$ $F \in\prod_{i<j}(x_{i}-x_{j})^{-m_{\iota j}}V[[x_{1}-x_{n},$ $\ldots,$ $x_{n-1}-x$
“ “ $n=4$ 1.2 (1)
5
$((a^{1}a^{2})a^{3})a^{4}, (a^{1}(a^{2}a^{3}))a^{4}, a^{1}((a^{2}a^{3})a^{4}), a^{1}(a^{2}(a^{3}a^{4})), (a^{1}a^{2})(a^{3}a^{4})$
:
$Y(Y(Y(a^{1}, x_{1}-x_{2})a^{2}, x_{2}-x_{3})a^{3}, x_{3}-x_{4})a^{4}$
$Y(Y(a^{1}, x_{1}-x_{3})Y(a^{2}, x_{2}-x_{3})a^{3}, x_{3}-x_{4})a^{4}$
$Y(a^{1}, x_{1}-x_{4})Y(Y(a^{2}, x_{2}-x_{3})a^{3}, x_{3}-x_{4})a^{4}$
$Y(a^{1}, x_{1}-x_{4})Y(a^{2}, x_{2}-x_{4})Y(a^{3}, x_{3}-x_{4})a^{4}$
$Y(Y(a^{1}, x_{1}-x_{2})a^{2}, x_{2}-x_{4})Y(a^{3}, x_{3}-x_{4})a^{4}$
(1) $V[[x_{1}-x_{4}, x_{2}-x_{4}, x_{3}-x_{4}]][(x_{i}-x_{j})^{-1}|1\leq i<j\leq 4]$ $F$
$|x_{3}-x_{4}|>$
$|x_{2}-x_{3}|>|x_{1}-x_{2}|$ $\iota_{x_{3}-x_{4},x_{2}-x_{3},x_{1}-x_{2}}F$ 1.2 (2)
$\sigma\in S_{4}$ (4 ) 5 $(a^{i}, x_{i})\mapsto(a^{\sigma(i)}, x_{\sigma(i)})$
$F$
$Y(a^{\sigma(1)}, x_{\sigma(1)}-x_{\sigma(2)})Y(a^{\sigma(2)}, x_{\sigma(2)}-x_{\sigma(3)})Y(a^{\sigma(3)}, x_{\sigma(3)}-x_{\sigma(4)})a^{\sigma(4)}$
$F$ $|x_{\sigma(1)}-x_{\sigma(2)}|>|x_{\sigma(2)}-x_{\sigma(3)}|>|x_{\sigma(3)}-x_{\sigma(4)}|$
(cf. [8]). $V$
twisted $V$ $g\in GL(V)$ $g(1)=1$
$a,$ $b\in V,$ $n\in \mathbb{Z}$ $g(a_{n}b)=(ga)_{n}(gb)$ $V$
L3. (cf. [6, p.92]) $g$ $V$ $|g|=t$ $V^{(g,r)}=$
$\{v\in V|gv=e^{-2\pi\sqrt{-1}r/t}v\}(r=0,1, \ldots, t-1)$
$(M, Y_{M})$ g-twisted $V$
(1) $M$ $\mathbb{C}$
(2) $Y_{M}(-, x):Varrow End_{\mathbb{C}}M)[[x^{1/t}, x^{-1/t}]]$ $\mathbb{C}$ $a\in V^{(g,r)}$
$Y_{M}(a, x)= \sum_{n\in r/t+\mathbb{Z}}a_{n}x^{-n-1}, a_{n}\in End_{\mathbb{C}}M$ (1.7)
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(3) $a\in V,$ $w\in M$ $Y_{M}(a, x)w\in M((x^{1/t}))$ .
(4) $Y_{M}(1, x)=id_{M}.$
(5) $a,$ $b\in V,$ $w\in M$ $F(a, b, w|x, y)\in M[[x^{1/t}, y^{1/t}]][x^{-1/t},$ $y^{-1/t},$ $(x-$
$y)^{-1}]$
$\iota_{x,y}F(a, b, w|x, y)=Y(a, x)Y(b, y)w\in M((x^{1/t}))((y^{1/t}))$ ,
$\iota_{y},{}_{x}F(a, b, w|x, y)=Y(b, y)Y(a, x)w\in M((y^{1/t}))((x^{1/t}))$ ,
$\iota_{y},{}_{x-y}F(a, b, w|x, y)=Y(Y(a, x-y)b, y)w\in M((y^{1/t}))((x-y))$ (1.8)





$a\in V^{(g,r)},$ $b\in V,$ $w\in M,$ $l\in \mathbb{Z},$ $m\in r/t+\mathbb{Z},$ $n\in(1/t)\mathbb{Z}$
$\sum_{i=0}^{\infty}(\begin{array}{l}mi\end{array})(a_{l+i}b)_{m+n-i}u=\sum_{i=0}^{\infty}(\begin{array}{l}li\end{array})(-1)^{i}(a_{l+m-i}b_{n+i}+(-1)^{l+1}b_{l+n-i}a_{m+i})u$ . (1.9)
twisted $V$
$G$ $V^{G}=\{v\in V|gv=v, \forall_{g\in}G\}$
$g\in G$ $g$-twisted $V$ $V^{G}$
$V$ $V^{G}$ twisted $V$
[2]. twisted $V$
Remark 1.4. (twisted )
(1) g, $V$ $G$ $M$ $g$-twisted
$V$ $N$ $h$-twisted $V$ $(M\oplus N,$ $Y_{M\oplus N}=$
$Y_{M}+Y_{N})$ $V^{G}$ (twisted) $V$ $V$
$V=\oplus_{r=0}^{|g|-1}V^{(g,r)}=\oplus_{s=0}^{|h|-1}V^{(h,s)}$ $Y_{M\oplus N}=Y_{M}+Y_{N}$
(1.7)
(2) $V$ 3 $S_{3}$ (
$U$ 3 $U^{\otimes 3}$ ).
$\tau\in S_{3}$ 2 $\sigma\in S_{3}$ 3 $\sigma$-twisted $V$ $M$













1.5. [10, Definition 2.1] $T$ $(M, Y_{M})$
$(V, T)$ :
(1) $M$ $\mathbb{C}$
(2) $Y_{M}$ (-, x) : $Varrow(EndM)[[x^{1/T}, x^{-1/T}]]$ $\mathbb{C}$
(3) $a\in V,$ $w\in M$ $Y_{M}(a, x)w\in M((x^{1/T}))$ .
(4) $Y_{M}(1, x)=id_{M}.$
(5) $a,$ $b\in V,$ $w\in M$ $F(a, b, w|x, y)\in M[[x^{1/T}, y^{1/T}]][x^{-1/T},$ $y^{-1/T},$ $(x-$
$y)^{-1}|$
$\iota_{x,y}F(a, b, w|x, y)=Y_{M}(a, x)Y_{M}(b, y)w,$
$\iota_{y},{}_{x}F(a, b, w|x, y)=Y_{M}(b, y)Y_{M}(a, x)w,$
$\iota_{y_{\rangle}x-y}F(a, b, w|x, y)=Y_{M}(Y(a, x-y)b, y)w$ (1.10)
1.3 $Y_{M}(a, x)$ (1.7) $g$
1.5 $(V, T)$
1.2 $(V, T)$ :
1.6. (1) ( $V$, 1) $V$
(2) $g\in$ Aut $V$ $g$-twisted $V$ $(V, |g|)$
(3) $V$ $U$ $(V, T)$ $(U, T)$
(4) $T’$ $T$ $(V, T)$ $(V, T’)$
$T_{1}$ , $(V, T_{1})$
$(V, T_{2})$ $(V, T_{3})$
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Remark 1.4 (2) $M$ $(V\langle\tau\rangle, 3)$ twisted
$(V, T)$
1.5 1.3 Borcherds (1.9)
twisted 1.5
$(V, T)$ (1. 10) Borcherds
$(V, T)$ twisted
:
1.7. $((V, T)$ Borcherds ) 1.5 (1. 10)
:
( )a, b $\in V$ $T$
$Y_{M}^{(s)}(a, b|x, y)= \sum_{j\in(1/T)\mathbb{Z},l\in \mathbb{Z}}Y_{M}^{(s)}(a, b;j, l)x^{-j-1}y^{-l-1}:Marrow M((x^{1/T}))((y))$
,
$Y_{M}^{(s)}(a, b;j, l)\in End_{\mathbb{C}}M, s=0, \ldots, T-1$
$j,$ $k\in(1/T)\mathbb{Z},$ $l\in \mathbb{Z}$ $w\in M$
$\sum_{s=0}^{T-1}Y_{M}^{(s)}(a, b|x, y)=Y_{M}(Y(a, x)b, y)$ (1.11)
$( \sum_{s=0}^{T-1}Y_{M}^{(s)}(a, b;j, l)=(a_{l}b)_{j})$
$\sum_{i=0}^{\infty}(\begin{array}{l}ji\end{array})Y_{M}^{(s)}(a, b;j+k-i, l+i)(w)$
$= \sum_{i=0}^{\infty}(\begin{array}{l}li\end{array})(-1)^{\dot{\iota}}(a_{l+j-i}b_{k+i}+(-1)^{\iota+1}b_{l+k-i}a_{j+i})w$ . (1.12)
twisted Borcherds (1. 9) $V$ $a_{i}b$
(1.12) $Y_{M}^{(s)}(a, b;j, l)$ $g$-twisted








$a\in$ $a$ $n$ wt $a$ :
$\bullet 1\in V_{0}.$
$\bullet$ $\triangle\in \mathbb{Z}$ $n<\triangle\Rightarrow V_{n}=0.$
$\bullet$ $a\in V$ $i,j\in \mathbb{Z}$ $a_{i}V_{j}\subset V_{wta-i-1+j}.$
$V$ $T$
$(1/T)\mathbb{N}$ $(V, T)$
2.1. $(V, T)$ $M$ $M=\oplus_{n\in(1/T)\mathbb{N}}M(n)$
$(1/T)\mathbb{N}$ : $a\in V$ $i,j\in(1/T)\mathbb{Z}$
$a_{i}M(j)\subset M(wt a-i-1+j)$ . (2.1)
$M(j)=0,$ $j<0$
$(1/T)\mathbb{N}$ $(V, T)$ $M=\oplus_{n\in(1/T)\mathbb{N}}M(n)$ $a_{wta-1}\in$ End $M$
$a_{wta-1}M(j)\subset M(j)$ $o^{M}(a)=a_{wta-1}$
Zhu [11] $a\in V$ $b\in V$
$a*b={\rm Res}_{x}Y(a, x)bx^{-1}(1+x)^{wta},$
$a\circ b={\rm Res}_{x}Y(a, x)bx^{-2}(1+x)^{wta}$
$O(V)=Span_{\mathbb{C}}\{aob|$ $a\in V,$ $b\in V\}$ $f(x)=$
$\sum_{i\in(1/T)Z}f_{(i)}z^{i}$ ${\rm Res}_{x}f(x)=f_{(-1)}$ $V*O(V)\subset O(V),$ $O(V)*$
$V\subset O(V)$ $(a*b)*c-a*(b*c)\in O(V)(a, b, c\in V)$
$A(V)=V/O(V)$ $*$ $1+O(V)$ $\mathbb{C}$ $A(V)$
Zhu
$T=1$ $\mathbb{N}$ $V$ $(=(V, 1)$ $)M=\oplus_{n\in \mathbb{N}}M(n)$
(1.9) $g=$ idv, (1.12) $(a_{l}b)_{j}=Y_{M}^{(0)}(a, b;j, l)$
Borcherds (1.9) (1. 12)
$a,$ $b\in V$
$o^{M}({\rm Res}_{x}Y(a, x)bx^{j}(1+x)^{i})$
$={\rm Res}_{x_{1}}{\rm Res}_{x2}Y(a, x_{1})Y(b, x_{2})(x_{1}-x_{2})^{j}x_{1}^{i}x_{2}^{wta+wtb-i-j-2}$






2.2. [11, Theorem 2.2. 1] $\mathbb{N}$ $V$ $M=\oplus_{n\in \mathbb{N}}M(n),$ $M(O)\neq 0$
$M(O)$ $A(V)$ $A(V)$ $N$ $\mathbb{N}$
$V$ $M=\oplus_{n\in \mathbb{N}}M(n)$ $A(V)$ $M(0)\cong N$
2.2 Zhu
$g\in$ Aut $V,$ $|g|=t<\infty$ $g$-twisted Zhu $A_{g}(V)$
$(1/t)\mathbb{N}$ $V$
[5].
$T$ Zhu $A^{T}(V)$ $(1/T)\mathbb{N}$
$(V, T)$
(1.12) $Y_{M}^{(s)}(a, b;j, l)$
(2.2)
[3, 4, 9] $V$
$\mathbb{C}[z, z^{-1}]$ $O^{T,1}(\alpha, \beta;z)$ $s=0,$ $\ldots,$ $T-1$
$\alpha,$ $\beta\in \mathbb{Z}$ $O^{(T;s),1}(\alpha, \beta;z)$
${\rm Res}_{x}((1+x)^{\alpha-1+\delta(s\leq 0)+s/T}x^{-\delta(s\leq 0)-1+j} \sum_{i\in \mathbb{Z}_{\leq\alpha+\beta-1-\Delta}}z^{i}x^{-i-1}),j=0,$
$-1,$ $\ldots$ (2.3)
$z^{i},$ $i\in \mathbb{Z}_{\geq\alpha+\beta-\Delta}$ $\mathbb{C}[z, z^{-1}]$
$\delta(i\leq j)=\{\begin{array}{l}1 if i\leq j,0 if i>j.\end{array}$ (2.4)
$O^{T,1}( \alpha, \beta;z)=\bigcap_{s=0}^{T-1}O^{(T;s),1}(\alpha, \beta;z)$
$M=\oplus_{n\in(1/T)\mathbb{N}}M(n)$ $(1/T)\mathbb{N}$ $(V, T)$ $a,$ $b\in V$
$P(z)= \sum_{i\in \mathbb{Z}}\lambda_{i}z^{i}\in O^{(T;s),1}(wta, wtb;z)$
$\sum_{i\in \mathbb{Z}}\lambda_{i}Y_{M}^{(s)} (a, b;wt a+wtb-2-i, i)|_{M(0)}=0$
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(1.12) (2.2) $P(z)=$
$\sum_{i\in \mathbb{Z}}\lambda_{i}z^{i}\in O^{T,1}$ $(wt a, wt b;z)$ (1.11)
$o^{M}( \sum_{i\in \mathbb{Z}}\lambda_{i}a_{i}b)|_{M(0)}=\sum_{i\in \mathbb{Z}}\lambda_{i}o^{M}(a_{i}b)|_{M(0)}$
$= \sum_{s=0}^{T-1}\sum_{i\in \mathbb{Z}}\lambda_{i}Y_{M}^{(s)} (a, b;wt a+ wtb-2-i, i)|_{M(0)}$
$=0$
$O^{T,1}(V)$
$\{P(z)|_{z^{j}=a_{J}b}\in V| P^{\backslash }g,\lambda\overline{\pi}a,b\in V(z)\in O^{T,1}(wta, wt b;z)\}$ . (2.5)
$V$ $o^{M}(O^{T,1}(V))|_{M(0)}=0$ $O^{T,0}(V)$






2.3. [10, Corollary 5.14] $(1/T)\mathbb{N}$ $(V, T)$ $M=\oplus_{n\in \mathbb{N}}M(n),$ $M(O)\neq$
$0$ $M(O)$ $A^{T}(V)$ $A^{T}(V)$ $N$
$(1/T)\mathbb{N}$ $(V, T)$ $M=\oplus_{n\in(1/T)\mathbb{N}}M(n)$ $A^{T}(V)$
$M(0)\cong N$
$T=1$ $A^{1}(V)=A(V)$ $A_{g}(V)$ $A^{|g|}(V)$
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